and (j + l> *)> i = 0, 1, • • • , p -1, will obviously lead to a correspondence which is many-one. We shall denote by Ep* the subclass of Ep consisting of those functions which in the algorithm (A) give rise to one-one correspondences.
The present paper contains very simple characterizations of those correspondences between real numbers and sequences of integers mod p which can be obtained by applying the algorithm (A) with functions from the classes Ep* and Ep -Ep* respectively. By means of these characterizations it is possible to settle two of the problems raised by Everett and to give an answer (albeit not a completely satisfactory one) to a third, namely that of characterizing the class Ep* itself. Proof. Note first that for 0 ^ y < 1, F(y) g zZT-iP ~1 /P* = 1 = ^(1). Now fix any two points a and ß such that 0^a<ß<1, and let the sequences obtained from applying (A) to a and ß be respectively ai, a2, • • ■ , and fa, fa, • • ■ . If F(a)^F(ß), let w be the first integer such that an9^bn. At the («+l)st stage in applying (A) to a and ß we have respectively ctn = an + f(an+i), .
.
and since the monotonicity of f(x) implies an<ßn it follows that an<bn. Consequently, F(a)<F(ß), and F(x) is nondecreasing on
Ogx^l.
Clearly, the range of values of F(x) includes every terminating decimal on [0, l] . In fact, if e%, c2, • • • , c" is any finite sequence of integers mod p, then
Consequently, since the terminating decimals are dense on [0, 1 ] and F(x) is monotonic, it follows that F(x) is continuous and, in fact, takes on every value on [0, l].
2.2. Note that for/(x) £j5p its associated function is uniquely defined by the functional equation
where [x] denotes the largest integer in x. Certainly, the associated function forf(x) satisfies (B). Assume that a function F(x) defined on This property of the function F(x) implies that it is either strictly increasing (as is the case if and only if f(x) is in E*) or else its level values, and hence its intervals of constancy, are dense on [0, l].
3.0. The one-one case. If/(x)E£*, its associated function is continuous and strictly increasing on [0, l] to [0, 1] . We next inquire whether or not every such function is associated with some function in Ep*.
Theorem 2. // F(x) is any continuous, strictly increasing function on Ogxgl with F(0)=0 and P(l) = l, then it is the associated function for a unique function f(x) in the class Ep*.
f(x)E.Ep ,and since P(x) satisfies the functional equation (B), it must be the associated function for/(x). This, in turn, implies that/(x) ££/.
Since any function in Ep* which has P(x) as its associated function must satisfy the above equation,/(x) is unique. 3.1. Theorems 1 and 2 completely characterize those one-one correspondences between real numbers and sequences of integers mod p which can be obtained by applying the algorithm (A) with functions from the class E*. They are simply the correspondences which can be obtained from the class of all continuous, strictly increasing functions F(x) on [0, 1 ] to [0, 1 ] by defining the sequence corresponding to the number y to be the sequence of integers in the non-(p -I)-terminating expansion of F(y) as a decimal to the base p.
3.2. Also as a result of Theorems 1 and 2 we can state that a necessary and sufficient condition for a function f(x) to belong to the class Ep* is that it have the form f{x)=F- Now suppose that F(x) has been defined in monotonically increasing fashion at all points ay, j<n, with values in the set T. Let <z< be the largest number fly such that j<n and ay<a", and let ak be the smallest number a,-such that j <n and a, >a". Then define F(a") to be the first number / in T such that £(a<) <t<F(ak).
Clearly, F(x) is thus defined on the set A and is strictly increasing. Moreover, on A, F(x) takes on every value in the set 7\ Since both T and A are dense in [0, l], we can extend F(x) continuously to the entire interval [0, l] and obtain the desired function. by both a terminating and a (p -l)-terminating decimal is a level value, then every such number between 0 and 1, and one, but not necessarily both, of the numbers 0 and 1, must also be level values.
If G(x) is defined for O^x^p by G(x) = [x]/p + F(x-[x])/p, and if F(x) has the property (P), then a number t is a level value for F(x) if and only if it is a level value for G(x). For suppose2 t = 0.axa2 • • • is a level value for F(x); then property (P) implies that F(x{) = F(x2)
= tp -ai = 0.a2a3 ■ ■ -for 0 <xi<x2<l. Consequently,
so t is a level value for G{x). Conversely, if G(£i) = G(£2) = t for ^^^2 and [£1] = [£2], then

Hh-[Zi])=Fti2-[&])=pt-[b]=0.c1c2 • ■ • and property (P) implies that t = Q. [l-i]cic2 • • • is a level value for F(x).
4.2. In §2.3 we saw that the associated function of every function in the class Ep -Ep* is nondecreasing but not strictly increasing on [O, 1 ] to [O, 1 ] and has the property (P). We shall now show that the converse is also true. 
EG{f) and Ma(t) =lu.b. EG(t). Now define f[m0(t)]=mF(t) and f[MG(t) ] = MF(t). Then/(x)
is defined for every point on [0, p] not in the interior of an interval of constancy of G(x). The fact that F(x) and G(x) are nondecreasing and that t is a level value for F(x) if and only if it is a level value for G(x) insures that/(x) is strictly increasing. On every open interval of constancy of G(x), that is, on the intervals ma(t) <x<Mo(t), we can define/(x) quite arbitrarily subject only to the restrictions that it must be strictly increasing and must take on every value between mp(t) and Mp(t). The function f(x) is then defined on the entire interval [0, p] , is strictly increasing, and takes on every value in the interval [0, l] . Consequently, it is continuous and belongs to the class Ep. Moreover, it follows at once from the definition of/(x) that F\f(x)]=G(x).
Theorem 3 completes the characterization of those functions F(x) which are associated with functions f(x) in the class Ep -E*.
4.3. All of the examples of functions in the class Ep -E* which Everett constructed give rise to correspondences with the following two properties: (1) the only sequences of integers which correspond to more than one real number are terminally periodic; and (2) the set U of those numbers which are associated uniquely with a sequence of integers has measure zero. This led him to raise the following two questions: (1) do there exist functions which in the algorithm (A) associate with more than one real number the same nonterminally periodic sequence of integers? (2) do functions exist with sets U of every measure between 0 and 1? Stated in terms of associated functions the questions are: (1) do there exist functions whose associated functions have nonterminally periodic decimals as level values? (2) do functions exist whose associated functions have their sets of points of increase of every measure between 0 and 1? As a result of Theorem 3, we can clearly give an affirmative answer to both of these questions. in [a, b] . As an easy application of this theorem we have the fact that if fi(x) i fi(,x)< ■ ■ ■ is any sequence of continuous, nondecreasing functions on [a, b] which converges at every point of [a, b] ' -u'v = const. y±0 , and where the radical in (2) stands for that root which at x<, has the value yn.
The proof is very simple and will be omitted.
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